
204 Progress of Theoretical Physics Supplement No. 145, 2002

Matrix Product State Approximation for the
Maximum-Eigenvalue Eigenstate of the Quantum Transfer Matrix

Nobuya Maeshima,1,∗) Yasuhiro Hieida,2 Tomotoshi Nishino3

and Kouichi Okunishi4

1Department of Physics, Graduate School of Science,
Osaka University, Toyonaka 560-0043, Japan

2Computer and Network Center, Saga University, Saga 840-8502, Japan
3Department of Physics, Graduate School of Science,

Kobe University, Kobe 657-8501, Japan
4Department of Physics, Niigata University, Niigata 950-2181, Japan

(Received December 20, 2001)

We propose a matrix product state (MPS) formulation to calculate thermodynamic quan-
tities of one dimensional (1D) quantum systems. The maximum-eigenvalue eigenstate of the
quantum transfer matrix is represented as the product of local matrices, which are obtained
by the DMRG method for the two dimensional (2D) classical system mapped from the orig-
inal 1D quantum system. This MPS formulation is successfully applied to the S = 1/2 XY
model.

§1. Introduction

The quantum transfer matrix (QTM) is used to calculate thermodynamic quan-
tities of one-dimensional (1D) quantum systems. The free energy and other physical
quantities in the thermodynamic limit are extracted from the largest eigenvalue λmax

of the QTM and the corresponding eigenvector |ψmax〉. There are only a few mod-
els for which the analytical solutions of λmax and |ψmax〉 have been calculated. 1)

Therefore we often rely on numerical techniques such as the numerical diagonaliza-
tion, 2) and the finite temperature density matrix renormalization group (DMRG)
method. 3), 4)

In particular, the finite temperature DMRG provides us accurate results for the
physical quantities at low temperature region. Thus the finite temperature DMRG
has been applied to various 1D quantum systems. 3), 4) We sometimes meet, however,
a serious problem in carrying out the finite temperature DMRG calculation. Since
the algorithm includes the numerical diagonalization of the asymmetric density ma-
trix, we often suffer the difficulty to deal with the imaginary eigenvalues and the
negative eigenvalues. Although several efforts in the framework of the finite tem-
perature DMRG have been done to avoid this problem, 4) for the complete solution
it is important to develop a method without the diagonalization procedure of the
asymmetric density matrix.

In this work we propose a matrix product state (MPS) 5) formulation for the
QTM, where we have not to use the asymmetric density matrix. We utilize the
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MPS to evaluate λmax and |ψmax〉. The MPS is numerically obtained by the DMRG
method for the 2D classical system 6) mapped from the 1D quantum system by the
Suzuki-Trotter transformation. 7)

The details of the method are explained in the next section, and then the calcu-
lated results for the S = 1/2 XY model are shown in §3. The study is summarized
in §4.

§2. Method

The Hamiltonian of the S = 1/2 XY model with L sites is given by

H = J
L∑

i=1

hi,i+1; hi,i+1 = Sx
i S

x
i+1 + Sy

i S
y
i+1, (2.1)

where J > 0 is the exchange coupling between the neighboring spins and the periodic
boundary condition 
SL+1 = 
S1 is imposed.

The QTM of the system is introduced as follows. By using the Suzuki-Trotter
transformation, we map the quantum spin chain at finite temperature into a 2D
classical system on a checkerboard lattice. 7) Then the partition function of the
system is represented by the QTM T (N); Z = limN→∞ Tr[T (N)]L/2, where N is the
Trotter number. The QTM T (N) is defined by the product of the local Boltzmann
weight wk

i of the mapped system;

T (N) =
∑

s1
i+1···s2N

i+1

N∏
k=1

w2k−1
i (ε)w2k

i+1(ε), (2.2)

where the subscript i is the index of the spatial direction and the superscript k is that
of the Trotter direction. By using the Sz-diagonal representation |s〉 of the spin oper-
ator 
S, the Boltzmann weight w is written as wk

i (ε) = 〈sk
i s

k
i+1| exp(−εhi,i+1)|sk+1

i sk+1
i+1 〉,

where ε = J/(NkBT ).
Our purpose is to evaluate the maximum eigenvalue λmax of T (N) and the cor-

responding eigenvector |ψmax〉 using the MPS |ψMPS〉, which is defined as

|ψMPS〉 =
∑
[s]

Tr

[
N∏

k=1

A(s2k−1s2k)

]
|s1, s2, · · · , s2N 〉. (2.3)

sl(1 ≤ l ≤ 2N) is the spin variable at the site with the index of the Trotter direction
l. The index of the spatial direction is omitted for simplicity. A(s2k−1s2k) is an
m × m matrix for each (s2k−1s2k). The component of A(s2k−1s2k) is denoted by
A(s2k−1s2k)[ξ][ζ], where ξ and ζ are matrix indices with m states. Thus the trace in
Eq. (2.3) is over those auxiliary variables.

We have to obtain the matrix A(s2k−1s2k) that gives a good approximation to
|ψmax〉. For this purpose we use the DMRG method for the mapped 2D classical
system 6) with infinite Trotter number N . Taking the limit N → ∞ with fixed ε,
which corresponds to the limit T → 0 for the 1D quantum system, 8) the DMRG
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can be used for another transfer matrix T R, the real-space transfer matrix (RTM)
that transfers along the Trotter direction. 9), 10) The RTM TR is defined as

T R =
∑

sk+1
2 sk+1

3 ···sk+1
L−1

∏
1≤i≤L−2;i∈odd

wk
i (ε)wk+1

i+1 (ε), (2.4)

where we impose the open boundary condition and assume that L is odd. The differ-
ence of the boundary condition from Eq. (2.1) can be neglected in the thermodynamic
limit.

After carrying out the DMRG for the RTM, we obtain the so-called right(left)-
half transfer matrix T

r(l)
half(s

ksk+1). 6) The component of the right-half transfer matrix
is written as T r

half(s
ksk+1)ξζ with the renormalized block spin variables ξ, ζ. Consid-

ering the MPS structure of the |ψmax〉, we find that T
r(l)
half(s

ksk+1) can be regarded
as the matrix A(sksk+1) optimized for T = 0. Namely, a MPS |ψ′

MPS〉 defined as

|ψ′
MPS〉 =

∑
[s]

Tr

[
N∏

k=1

T r
half(s

2k−1s2k)

]
|s1, s2, · · · , s2N 〉 (2.5)

is proved to be a good approximation to |ψmax〉 at T = 0. In addition, even at finite
temperature, |ψ′

MPS〉 gives fairly good results for the thermodynamic quantities as
shown in the next section. Therefore we can calculate the thermodynamic quantities
in the whole temperature region.

However, there remains the most important problem, that is, the imaginary
eigenvalue and the negative eigenvalue problem because the DMRG for the RTM
defined in Eq. (2.4) still include the diagonalization of the asymmetric density matrix.
To solve this problem we use the symmetric RTM T s

R defined as

T s
R =

∑
sk+1
i sk+2

i ;2≤i≤L−1

∏
1≤i≤L−2;i∈odd

wk
i (ε/2)wk+1

i+1 (ε)wk+2
i (ε/2). (2.6)

The graphical representation of the asymmetric RTM and the symmetric RTM is
shown in Fig. 1. In the actual calculation for the S = 1/2 XY chain, we can carry
out the calculation for both the asymmetric RTM and the symmetric RTM.
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Fig. 1. (a) The asymmetric RTM (L = 9), and (b) the symmetric RTM (L = 9). A shaded square

(rectangle) shows the Boltzmann weight w(ε) (w(ε/2)).
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§3. Result

Figure 2 shows the free energy f and the internal energy e of the S = 1/2 XY
model calculated using the MPS with ε = 0.1,m = 8. The circles are the results
using asymmetric RTM and the crosses are those using the symmetric RTM. The
relative differences between them are less than 2× 10−6 for f and less than 2× 10−5

for e. To check the accuracy of the MPS results, we show the results of the exact
solution by Inoue and Suzuki. 10) We can see the good agreement of the MPS results
with the exact solution. The relative errors are less than 9 × 10−4 for f , and less
than 7 × 10−3 for e compared with the exact solution.
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Fig. 2. (a) The free energy of the S = 1/2 XY model, and (b) the internal energy. The symbols

show the MPS results and the solid line shows the exact solution.

§4. Summary

We have proposed a MPS formulation to calculate the thermodynamic quantities
of the 1D quantum spin systems. The largest-eigenvalue eigenstate is evaluated as
a matrix product state, which is composed of the matrix obtained by the DMRG
method for the 2D classical system. Calculated results for S = 1/2 XY model are in
good agreement with the exact solution.
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