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During site-specific recombination, the topology of circular DNA can change, e.g. un-
knotted molecules can become knotted or linked. We model Xer site-specific recombinations
as the mathematical operation of band surgeries. In this paper, we consider band surgeries
on knots with 7 and fewer crossings and links with 8 and fewer crossings.

§1. Introduction

In DNA site-specific recombination, an enzyme attaches to a pair of DNA sites,
and recombines the sites to different ends. During site-specific recombination, the
topology of circular DNA can change, forming knots and links. We model Xer re-
combination as band surgery. By regarding Xer recombinations as band surgeries
and applying mathematical results on band surgery, we confirm experimental results
of Xer recombination acting on circular DNA. In particular, our motivation is the
unlinking of DNA catenanes by Xer-dif-FtsK recombinations reported by Grainge
et al.,%) and Xer recombination at the psi-site on DNA catenanes with 2k crossings
which yields DNA knots with 2k + 1 crossings reported by Bath, Sherratt and Col-
loms.") The main result of this paper is summarized in Table II of band surgeries
between knots with 7 and fewer crossings and catenanes with 8 and fewer crossings.
In §2, we relate band surgeries to site-specific recombinations. In §3, we give the
table which characterize band surgeries. In §4, we give a table for band surgery
between knots. For knots with 7 and fewer crossings, we use the classical notation as
in the book by Rolfsen (see Appendix C in 14)). For a knot or link K, we denote by
K! the mirror image of K throughout this paper. We use several invariants of knots
and links to construct Table II (see Theorems 3.4, 3.5, 3.7, 3.9, 3.11, and 3.13).

§2. Band surgery and site-specific recombination

Let L be a link in S3 and b : [0,1] x [0,1] — S be an embedding such that
b=Y(L) = [0,1] x {0,1}. Then we obtain a link L; by replacing b([0,1] x {0,1}) in
L with b({0,1} x [0,1]) (see Fig. 1). We call this operation a band surgery. For
simplicity we use the same symbol b to denote the image b([0,1] x [0,1]). If L and
Ly have the same orientations except for the band b, the band surgery is said to
be coherent. A coherent band surgery results in a change of the number of link
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Fig. 1. A band surgery.
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Fig. 2. Band surgeries and site-specific recombinations.

components. Indeed, any coherent band surgery on a knot yields a two component
link. Moreover, for any band surgery from a knot to a two component link, we can
take orientations so that the band surgery is coherent. On the other hand, any band
surgery from a knot to a knot can not be coherent for any orientations. Band surgery
between two knots is essentially equivalent to an H(2)-move, which is a local move
for knots (see 9) for instance).

The DNA sequence of two recombination sites can be used to orient these sites.
When the two sites are on the same component, their orientations on the circular
DNA molecule can either agree or disagree. In the former case, we say that the
two sites are directly repeated, while in the later case, we say that the two sites
are inversely repeated. If two sites are directly repeated, we can take an orientation
of the knot induced by the orientations of sites. By taking the orientation of two
component link similarly after the recombination, we can regard a directly repeated
Xer recombination as a coherent band surgery (see Fig. 2).

§3. Band surgery between knot and two component link

In this section, we deal with band surgeries between knots and two component
links. As shown in the previous section, we can take orientations for a knot and
a link so that the band surgery will be coherent. For a non-negative integer k, we
denote by Toi, Ty, Tox!, Ty,! the oriented (2,2k)-torus links (2k-cats) as shown in
Fig. 3. We call both of Ty, and Tb! parallel 2k-cats, and call both of T3, and T7,!
anti-parallel 2k-cats. Note that Ty = Tj) = Tp! = T{)! are trivial two component links,
and Ty = T3!, T = Ty! are Hopf links.

By L, we denote the oriented link obtained from an oriented link L by the
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Fig. 4. Knots of type N(222=1).

coherent band surgery along a band b, throughout this section. Since band surgeries
are reversible, we may consider the band surgery as one from a knot to a catenane.

Theorem 3.1 (Scharlemann'®)). Let L be a trivial knot. Then Ly is a trivial
two component link if and only if the band b is trivial, i.e. there is a disk D such
that 0D = L and b C D.

Thompson'”) characterized the band surgery between a trivial knot and a Hopf
link. Hirasawa and Shimokawa”) generalized it for the case where Ly, is a (2, 2k)-torus
link.

Theorem 3.2 (Hirasawa-Shimokawa”)). Let L be a trivial knot. Then Ly is
a 2k-cat if and only if b is standard, i.e. there is a disk D such that 0D = L,
b({3} x [0,1]) C D, and b has 2k half twists with respect to D. (See the left hand
side of Fig. 6.)

Theorem 3.3 (Darcy-Ishihara-Medikonduri-Shimokawa?®)). Suppose that L is a
two bridge knot N(¥22=1) where N(%) means the numerator of a —-tangle Then

Ly, is isotopic to Ty, only if m = —k,n=—k,m+n+1=—k orm+n—1= -k,
and Ly is isotopic to T4, ! only if m=k,n=km+n+1=korm+n—1=k.
We also characterized the band b yielding an anti-parallel 2k-cat from a knot of
type N (22=1) 3 We remark that a knot of type N (42%=L) is represented by vertical
2m full twists and horizontal 2n full twists as Fig. 4. Examples are the following:
31 = N(222=1) for (m,n) = (1,1), 4, = N(222=1) for (m,n) = (1,-1),

@:N(%) for (m,n) = (1,2), 6; = (4”2” L) for (m,n) = (—1,2),

7y = N(222=1) for (m,n) = (1, — ) and 74 = N(#22=1) for (m, n)=(-2,-2).

Now we discuss the condition for existence of band surgeries between a knot and
a two component link. Table I, which is taken from Table 2 in 9) and Table 1 in 8),
lists several invariants of knots with 7 and fewer crossings and catenanes with 8 and
fewer crossings; the signature which is denoted by o(+), the special value of the Jones
polynomial which is denoted by V(- ;w), and the special value of the Q polynomial
which is denoted by p(-). Murasugi'? showed the following.

Theorem 3.4 (Murasugi'?). |o(L) — o(Ly)| < 1.

We denote the Alexandar polynomial of a knot K by A(K). The formula in
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Theorem 3.5 is known as the Fox-Milnor condition for a slice knot, that bounds a
properly embedded disk in B*. Note that a knot which is obtained from a trivial
two component link by a band surgery is a slice knot.

Theorem 3.5 (Fox—Milnor5)). Suppose that a trivial two component link can be
obtained from a knot K by a coherent band surgery. Then Ag(t) = +t"f(t)f(t™1)
for some integral polynomial f(t).

Together with Theorem 3.5, the following lemma implies that 63 and 77 have no
band surgery yielding Tg.

Lemma 3.6.

(1) Agy(t) # £t"f(t)f(t™1) for any integral polynomial f(t).
(2) Aq,(t) # £t"f(t)f(t71) for any integral polynomial f(t).

In an equation, the symbol “=” means equal up to multiplication by =+t",

throughout this paper.

PrOOF. (1) Using a proof by contradiction we assume Ag, () = 1 — 3t + 5¢2 —
3t3 44 = et" f(t) f(t71) for e = £1 and some integral polynomial f(¢). We may
assume 7 = 2 and f(t) = a + bt + ct? for some integers a, b, and c. Then

1—3t+5t2—3t3 +t* = ace + (ab+be)et + (a? 4+ b% + c)et? + (ab+ be)et? + abet?.

Hence ac = ¢, ab+ bc = —3¢. Since ac =€, a+ ¢ = 0 or £2, and so ab + bc =
b(a + ¢) # —3¢, a contradiction.

(2) Using a proof by contradiction we assume A7 () = 1 — 5t + 9t? — 5¢3 + t* =
et"f(t)f(t~1) for e = 1 and some integral polynomial f(t). We may assume
r=2and f(t) = a+ bt + ct? for some integers a, b, and c. Then

1—5t4+9t2 — 53 +-t* = ace + (ab+be)et + (a? 4+ b% + c)et? + (ab+ be)et + abet?.

Hence ac = ¢, ab+ bc = —5e. Since ac = ¢, a + ¢ = 0 or £2, and so ab + bc =
b(a + ¢) # —be, a contradiction.
O

Kawauchi showed that the knot 73 can not be obtained from a 6-cat by any
band surgery, using Theorem 3.7 below. Theorem 3.7 follows from Theorem 3.5 and
Theorem 1 in 13) .

Theorem 3.7 (Kawauchi). Suppose a parallel 2k-cat can be obtained from a

knot K by a coherent band surgery. Then A (t) = £t f(t)f(¢t~1) mod %
Together with Theorem 3.7, the following lemma implies that 73 has no band
surgery yielding Ty or Tg!.
6
Lemma 3.8 (Kawauchi). Ar,(t) Z +t"f(t)f(t!) mod % for any

integral polynomial f(t).

ProOF. Using a proof of contradiction we assume A, (t) = 2 — 3t +3t% — 33 +
2t =" f(#) f(t71) +(1—1) (1+t2+t*)g(t) for some integral polynomials f(t), g(t). We
may put f(w) = a+ bw for some integers a, b, because w? = —1+w, where w = ¢™/3,

_ b 2 2 b2 .
Then 2 = |Az,(w)| = |f(@)f(w™)| = |f()]> = a® + b2 4 ab = LETEY - T
equation cannot be satisfied for any integers a and b. O
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Kawauchi'® also showed that 74 can not be obtained from a 6-cat by any band

surgery, by using Theorem 3.9 below.

Theorem 3.9 (Kawauchi'?)). Suppose that an anti-parallel 2k-cat can be ob-

tained from a knot K by a coherent band surgery. Then Ak (t) = +t"f(t)f(t™1)
(mod k).

Lemma 3.10.

(1) A, (t) Z £t f()f (L) (mod 2), for each knot K1 € {62, 63,76, 77}
(2) Ak, (t) £ £t"f(t)f(t™Y) (mod 3), for each knot Ky € {Tg,31441}.
(3) Ak, (t) Z £t f(t)f(t™Y) (mod 4), for each knot K3 € {62, 63,76, 77}

Lemma 3.10 implies that K; has no band surgery yielding T3, , or Ty, ,! for

each i € {1,2,3}.

(1)

PROOF. We define integral polynomials pi(t),p2(t), -, ps(t) as follows:

pi(t) =1 -3t +3t> — 3t + t* = A(6)
po(t) :=1— 3t + 5t> — 3t3 4 t1 = A(63)
pa(t) :=1— 5t + 7t2 — 5t3 - t* = A(76)
palt) :=1— 5t + 9t> — 5t3 - t1 = A(77)
ps(t) := 1 — 4t — 5t% — 483 +t* = A(3144))

We suppose that p;(t) = et"f(t)f(t7!) (mod 2) for ¢ = 41 and some i €
{1,2,3,4}. We may assume that » = 2 and f(t) = a+ bt + ct? for some integers
a,b, and c¢. Then

pi(t) = ace + (ab+ be)et + (a? + b2 + c)et? + (ab + be)et? + abet* (mod 2).
Hence ac = 1 (mod 2) and ab+bc =1 (mod 2). Since ac =1 (mod 2), a+¢ =0
(mod 2), and so ab+ bc = b(a+¢) =0 # 1 (mod 2), a contradiction.

We suppose that p;(t) = et” f(¢) f(t~1) (mod 3) for e = £1 and some i € {3, 5}.

We may assume that » = 2 and f(t) = a + bt + ct? for some integers a, b, and
c. Then

pi(t) = ace + (ab+ be)et + (a? + b2 + c2)et? + (ab + be)et? + abet* (mod 3).
e (i=3)
—e (i=05)
(mod 3). Since ac = +1 (mod 3) and b(a + ¢) = ab + bc = £1 (mod 3),
a?=b>=c?> =1 (mod 3), and 50 a® +b>+c? = 0 # ¢ (mod 3), a contradiction.
We suppose that p;(t) = et"f(t)f(t!) (mod 4) for ¢ = £1 and some i €
{1,2,3,4}. We may assume that » = 2 and f(t) = a + bt + ct? for some integers
a,b, and c. Then

pi(t) = ace + (ab+ be)et + (a* + b + c2)et? + (ab + be)et? + abet? (mod 4).
e (i=1,2)
— (i=3,4)
(mod 4), a + ¢ =0 (mod 2), and so ab+ bc =b(a+c¢) =0 or 2 # +1 (mod 4),
a contradiction. O

Hence ac = ¢ (mod 3), ab+ bc = (mod 3), and a® + V> + 2 =¢

Hence ac = ¢ (mod 4), ab + bc = (mod 4). Since ac = +1
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Table I. Invariants of knots and links: o(-) means the signature, V'( - ;¢) means the Jones polyno-
mial and w = /3, and p(-) = Q( - ; (v/5 — 1)/2) where Q( - ;) means the Q polynomial.

o(K) V(K;w) p(K)
0 0 1 1
31 5 i3 o L | o(L) V(Liw) p(L)
44 0 -1 -5 To) 0 DAL
T 1 j —1
51 4 -t V5 T2’ —1 —Zz -1
59 2 -1 -1 2 ,
. T 3 - 1
01 0 i3 ! 1 S 1
62 2 1 1 4
T4! —3 7 1
63 0 ! -1 |1 i 1

31431 4 -3 1 &

31431! 0 3 1 Ts 2 V3 !
A 6 1 1 -1 -3l
7 2 1 1 Tet | =5 V3 !

° o1 V3 1
7 —4 1 -1 TG . , .
74 -2 —iv3 V5 o . ’ .
s 4 -1 1 TS' _7 v _1

8! - —1 -
7o 2 -t ! 1 —i —1
Tr 0 —iV3 1 8
3184, 2 iv3 V5

We denote the Jones polynomial of a link L by V(L;t), and put w = emi/3,
Kanenobu® proved Theorem 3.11 below which can be used to show that 73 and
7¢ (resp. 915 and 917) cannot be obtained from a 6-cat (resp. 8-cat) by any band
surgery.
. +1
Theorem 3.11 (Kanenobu®). V(L;w)/V (Ly;w) € {#i, -3 }.
Lemma 3.12. (1) V(K;w)/V(Li;w) ¢ {:l:i,—\/gil}, for each knot K €
{31,74,77} and each link L, € {TQI,T4,T4,T8!,T8/!}.
(2) V(Ka;w)/V(Lysw) & {:I:i,—\/gil}, for each knot Ky € {41,51,52,71, 75,76}
and link Ly € {Ty, T¢, T§!}.
(3) V(Ks3;0)/V(Ly;w) & {£i, /3" }, for each knot K3 € {61,31841} and link
Ly € {Ty, Ty, T}), Ts, TL}.
(4) V(K;w)/V(L;w) & {:I:i,f\/gﬂ}, for each knot Ky € {62,63,72,73} and link
Ly € {TG,T(;!}.
(5) V(Ks;w)/V(Ls;w) & {4, —\/gil}, for a knot K5 = 31431 and each link Ls €
{To, To, Ty, Tu, Ty, Ty, T}, Ty, T§!, Ty, T§, Ts!, T§!'}.
(6) V(31431 w)/V(Le;w) ¢ {:ti,—\/gﬂ}, for a knot K¢ = 31431! and each link
Le € {T5, Ty, Ty, Ty, Ty!, T)!, T, Ts!, Tx, T4, T!, T$!'}.
Lemma 3.12 implies that there is no band surgery between a knot K; and a link
L; for each i € {1,2,3,4,5,6}.

PROOF. From Table I, V(K w)/V(Liw) = V3 or £3i ¢ {£i, —/3 '} for
each i € {1,2,3,4,5,6}. O

Kanenobu® proved Theorem 3.13 below which can be used to show that 931 can
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not be obtained from a 8-cat by any band surgery.
Theorem 3.13 (Kanenobu®). p(L)/p(Ly) € {*1, \/gil}.
Lemma 3.14.
(1) p(K1)/p(L1) & {£1, \/5i1}, for a knot Ky = 41 and each link Ly € {Ty, Ty, Ty!,
Ty, T, T, Ts!, T4!}
(2) p(K2)/p(L2) ¢ {£1, \/3i1}, for each knot Ko € {51,74,31841} and each link
Lo € {TQ, Té, Ty, Té, Ts!, Té'}
Lemma 3.14 implies that there is no band surgery between a knot K; and a link
L; for each i = {1,2}.

Proor. From Table I, p(K;)/p(L;) = —V/5 & {*1, \/gil} for each ¢« = {1,2}.
L]

From Theorem 3.4, Lemmas 3.6, 3.8, 3.10, 3.12, and 3.14, we can show the non-
existence of band surgeries which is denoted by the symbol x in Table II. From
Figs. 6 (the left hand side), 7, 8, 9, and 10, we can show the existence of band
surgeries denoted by the symbols © and © in Table II. We note that there is a band
surgery on a knot K which yields a 2-cat if K is unknotting number one. Because
K has a crossing on which the crossing change produces an unknot, then we obtain
a 2-cat by band surgery on that crossing as shown in Fig. 5.

Table II. Band surgeries between knots and catenanes: The symbol ®" implies there are band
surgeries, and they are completely characterized in k). The symbol  implies there are band
surgeries, but they are not characterized yet. The symbol x implies there is no band surgery.

To Ts T, Ty Ty Ti! Ty Ts T Te! T§ Ts T4 Tg! Tg!

0, e o7 7 x ) x 00 x 0 x 0 x &) x &)
31 X oR X X X X X x x 0 x x X X
4 X ) ©) x x x x X x x X X X x x
51 X X X X X X X X X X X X X

59 x @ X x x ©) x x x x x x x @Y
61 oR X ) x x x ©) x x X X X X X X
62 X X X X X X X X X X X X
63 X X X X X X X X X X X
31431 X X X X X X X X X X X X X X
31631! X X X X X X X X X X X X
71 X X X X X X X X X X X X X
7o X oR X X x X x x x ©) x x x x
T3 X X X X X X X X X X X X X X
T4 X X X x  ©% x x ©) x x x x x X
75 X X X X X X X X X X X X X
76 X X X X X X X X X X X X X
77 X X X X X X X X X X X X
31141 X X X X X X X X X X X X X X
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Fig. 5. A band attaching at a crossing. Fig. 6. Bands attaching on unknots.

& & & & &

31 — T 31 — T, 31— Tell 4, —T5 4, —'T2’

Fig. 7. Bands attaching on 3; and 4;.

BB SDE

51 — T} 51 —'ﬂ 52 —T5 52 —’T4,! 52 —’778'!

Fig. 8. Bands attaching on 5 crossing knots.

SRGRGRCIREY

6. —To 61—”1—’2' 61—’T4’! 6: — T3 6s — 1>
C\/)> C@@@D C@ﬁ?‘{yjb
63 —'T2’ 31#31—'Te 31#31!-’%

Fig. 9. Bands attaching on 6 crossing knots.
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T2 — T5! Ts — Ty! Ts— T4 Ty — T

SRR E=%

Fig. 10. Bands attaching on 7 crossing knots.

§4. Band surgery between two knots

Any band surgery between two knots is essentially equivalent to an H(2)-move.
The minimum number of H(2)-moves needed to transform one knot into another
knot is called the H(2)-Gordian distance. Kanenobu® gave a table of H(2)-Gordian
distances for knots with 7 and fewer crossings. Table III is copied from 9) focussing
only whether or not there exists each band surgery. In this section, we characterize
band surgeries from the unknot to (2, p)-torus knot.

Since any knot in S® having a Dehn surgery which yields a lens space L(p, 1) is
determined completely by Theorem 1.1 in 11) and Theorem 9 in 16), we obtain the
following theorem.

Theorem 4.1. Let L be a trivial knot. Then Ly is (2, p)-torus knot if and only
if b is standard or p = +5 and L U b is isotopic to the right hand side of Fig. 6 or
1ts marror image.

PROOF. (Proof of the “if” part.) We can see that Ly is isotopic to a (2, —5)-torus
knot (51) for the band b as shown in Fig. 6 on the right.

(Proof of the “only if” part.) Let B be a regular neighborhood of the band b.
Then both of two pairs (B, BN L) and (B, BN L;) are rational tangles. By moving
b to a vertical twisted band, (B, BN L) and (B, BN L;) can be considered as the 0-
tangle and the %—tangle respectively, and so we can regard the band surgery from L
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Table III. Band surgeries between knots.

31 41 51 by 61 62 63 31831 313! 71 To T3 T4 Ts5 Te Tr 31tds

01 © X © X X X © X X
31 X X X X X X X
31! X X X X X X X X X X
44 X X X X X X X X X
51 X X X X X X X X X X X X
51! X X X X X X X X X X X X
5o X X X X X X X X X X
5! X X X X X X X X
61 X X X X X X X X X
61! X X X X X X X X X X
62 X X X X X
62! X X X X X X X X X X X
63 X X X X X X X X

31431 X X X X X X X X X X X X

311834! X X X X X X X X X X X X

31434! X X X X X X X X X X X X
71 X X X X X X X X
71! X X X X X X X X X X
T2 X X X X X X
7! X X X X X X X X X X X
73 X X X X X X X X
73! X X X X X X X X X
T4 X X X X X X X X
74! X X X X X X X X X X X
s X X X X X X X
75! X X X X X X X
T6 X X X X X X X
76! X X X X X X X X
T7 X X X X X X X X
77! X X X X X X X X X

31ty | % X X X X X X X X X X X

31144, | % X X X X X X X X

to Ly as a rational tangle surgery from N(U+0) = L to N(U+21) = Ly, where U is a
2-string tangle, + means the sum of two tangles, N(-) means the numerator, and w is
a integer. Since L is a trivial knot, the 2-fold branched covering of S3 branched over
L is homeomorphic to . Let K be the core knot of the solid torus which is obtained
from the O-tangle on N(U + 0) by taking the 2-fold branched covering. Then the
2-fold branched covering of S? branched over Lj, which is homeomorphic to L(p, 1),
is obtained from S by Dehn surgery on K. By Theorem 1.1 in 11) and Theorem 9
in 16), K is a trivial knot or p = £5 and K is a trefoil knot. Since 2-fold branched
covering of the tangle U is homeomorphic to the exterior of K, by Theorem 8 in 4),
U is a rational tangle or p = 45 and U is homeomorphic to a sum of two rational
tangles. In the case where U is a rational tangle, we may assume w = —p, and so
N(U)=N(U+0) = N(c0) (unknot) and N(U—i—(—};)) = N(oco+ (—%)) ((2, p)-torus
knot). By the first condition N(U) = N(co) we obtain U = (4) for some integer k.
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& ©

Fig. 11.

By putting U = (4) in the second condition N(U+(—%)) = N(oo+(—1l))), we obtain
k = 0 because the left is (2,p — k)-torus knot or link. Then U is the oco-tangle. It
means that b is standard. In the case where p = £5 and U is homeomorphic to a sum
of two rational tangle, we may assume that p = —5 and w = 1. Applying Theorem

3 in 2) we obtain the solutions U = () + (—1) and U = (—1) 4 (3), otherwise U is

a rational tangle. Then, Fig. 11 illustrates that L Ub is isotopic to the left hand side
of Fig. 6. O
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